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We examine magnetogenesis in a multi-fluid environment. We find that the various composition
of a modified Chaplygin Gas (MCG) and Plasma Fluid (PF) yield magnetic fields of non-negligible
strengths.These fields are produced by the battery effect and interactions between the two fluids
may explain the amplification observed in the simulation. Our simulations show that the strongest
fields are generated in a mixture with 50% MCG and 50% PF.
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INTRODUCTION
Magnetic fields pervade the observable part of the uni-
verse. They exist on both the astrophysical and cosmo-
logical scales. The strengths of these fields vary with
scale, for example fields with microgauss strength and
coherence scales of order kiloparsecs are observed in our
neighbourhood of galaxies and in recently-formed galax-
ies, while fields of even higher microgauss, having greater
coherence scales, are observed in clusters of galaxies [1].
The origin of the fields is poorly understood at present,
and remains an important and unresolved problem in
astrophysics and cosmology. Several generative mecha-
nisms have been proposed (for a general review on cos-
mic magnetogenesis, see [2–4]). These mechanisms are
divided into two categories that are distinguishable by
when they operate. Mechanisms of an astrophysical na-
ture operate at the large-scale structure formation, or
later, and may be the result of the Biermann battery ef-
fect [5], the first supernova remnants [6–8], the Weibel in-
stability [9], or even of the intergalactic plasmas [10]. On
the other hand, mechanisms may operate in the early uni-
verse which may also be subdivided into those operating
during an inflationary epoch of the universe [11–17], and
those operating after inflation has ended [18–23], such
as cosmological phase transitions [2, 24, 25]. The gas in
galaxies, as in other astrophysical environments, is either
fully- or partially-ionized. This allows it to posses elec-
tric currents, which according to Maxwell’s equations,
produces magnetic fields. Physically, the accompanying
Lorentz force acts on the plasma (ionized gas) thereby
producing the effect via the momentum equation for the
plasma. These interactions of magnetic fields and plasma
(treated as a fluid) are studied in Magnetohydrodynamics
(MHD). In MHD, Maxwell’s equations of electrodynam-
ics are combined with fluid equations, where the Lorentz
forces due to electromagnetic fields are included.
THE MHD EQUATIONS
Studies of MHD involve investigations of how a fluid
that is made up of charged particles moves in the pres-
ence of electromagnetic fields. Several approximations
and assumptions are made: (i) the properties of the par-
ticles are averaged over volumes that are much smaller
than macroscopic volumes but larger than inter-particle
distance, (ii) there is charge neutrality to zeroth order,
(iii) the characteristic frequencies are much less than the
lowest ion gyro-frequencies, (iv) the difference in mean
velocities of individual species of particles is small com-
pared to the fluid velocity. With these assumptions it can
be shown that the set of equations that govern dynamics
of such fluids is:
1
ρ
Dρ
Dt
= −∇ · v (1)
Dv
Dt
= −∇p
ρ
−∇Φgrav + J×B
ρµ0
+ νfv +
fb
ρ
(2)
∂B
∂t
= ∇× (v ×B− ηµ0J) (3)
De
Dt
=
η
ρ
J2 − (γ − 1)e∇ · v, (4)
where ρ is the fluid density, v is the fluid velocity, B is
magnetic flux density, and e is the internal energy. D/Dt
is the Lagrangian derivative, J is the current density, γ
is the ratio of specific heats, η is the magnetic resistiv-
ity, µ0 is the vacuum permiability, Φgrav is gravitational
potential, the term fv =
(∇2v + 13∇∇ · v) are the vis-
cous forces, while the term fb subsumes all additional
unaccounted-for body forces acting on the fluid. In order
to complete the set, we need to provide an equation of
state for the fluid, which could be in the barotropic form,
p = p(ρ), and will also demand that the divergenceless
condition, ∇ ·B = 0, be satisfied. Studies of the genera-
tion and evolution of magnetic fields often involves vari-
ations of the induction equation given by Eq. (3). In the
foregoing approximation, Ampe`re’s Law, µ0J = ∇ × B,
can used to eliminate the current density, leading to:
∂B
∂t
= ∇× (v ×B− η∇×B) , (5)
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2given the standard Ohm’s law. The first term on the RHS
(the induction term) could be expanded, as required, us-
ing vector identities. The important point to take note
of is that B = 0 is a solution to this Induction Equation.
In order to generate magnetic fields from zero, one needs
to find away of violating this equation. The simplest and
most natural way of doing this is to add a battery term.
In our study, we consider a multi-fluid environment that
includes plasma and the Chaplygin Gas. The Chaply-
gin Gas interacts gravitational with plasma, which can
lead to a situation where the electron density gradient is
not parallel to the temperature gradient, as found in the
thermally generated seed fields [26] in the cosmological
context, or even in cosmological shocks [27, 28]. We first
discuss the Chaplygin Gas.
THE CHAPLYGIN GAS
About 70% of the total energy of the universe is in
the form of dark energy as observed in the CMBR [29],
SDSS [30–33] and SNIa [34] experiments. This energy
is thought to be responsible for the present accelera-
tion in the expansion of the universe. Among the candi-
dates that have been proposed for dark energy, and which
have been confronted with observation, is the generalized
Chaplygin Gas [35, 36]. It is conjectured that dark en-
ergy and dark matter could be unified by using the CG’s
exotic equation of state (EoS). Its utility lies in the fact
that it is able to interpolate naturally between the dark
energy- and dark-matter-dominated eras of the universe
(e.g. [37])
The Chaplygin Gas is a hypothetical substance that
was proposed by Sergei Chaplygin in 1902 in his work on
Gas Jets [38]. It possesses several interesting features,
one namely being that it is able to behave as pressureless
fluid when the value of the scale factor is small, but like a
cosmological constant when the value of the scale factor
is large, which leads to the acceleration of the expansion
of the universe [39].
The Chaplygin gas EoS relates the pressure, p, to the
density, ρ, in the exotic form:
p = −1
ρ
. (6)
We shall consider a modified version of this EoS, given
by:
p = Aρ− B
ρα
, (7)
where A and B are positive constants, and 0 ≤ α ≤ 1.
For our purposes, and in line with WMAP and SDSS
observations, we choose the value of A = 0.085, and α =
1.724 [40, 41], whilst B shall be assumed to be unity.
THE PLASMA FLUID
The plasma fluid is taken to be that of ideal plasma.
We consider this two-fluid component, with the electrons
and ions as separate fluids that interact through colli-
sions. For a simple picture, we take ions as having one
charge (i.e. they are just protons). We take the stress
tensor to be just the isotropic pressure, leaving out any
non-ideal terms, but adopt a simple collision between the
particle species. It follows that the electrons and ions will
have separate equations of motion that take the form of
Eq. (2). It can be shown, in the limit in which the ratio
me/mi is much less than 1, that the differences in the
two equations of motions yield:
(E+ vi ×B) = −∇pe
ene
+ Γ, (8)
where subscript i and e stand for ions and electrons re-
spectively. Γ represents the sum of the Ohmic terms,
Hall’s electric fields and inertial terms. The first term on
the RHS of Eq. (8) is the Biermann battery term, which
leads to thermally-generated electromagnetic fields. We
are interested in the case where this term has a curl, for
only then will it be able to produce a magnetic field. We
have so far discussed the fluid behaviour for the positive
and negative particles, in the absence of other compo-
nents. Note that the neutral particle will play a role if
the plasma is only partially ionized. More interesting is
that the presence of Chaplygin Gas will change the dy-
namics of the two fluids and the way they interact, as
the two species respond differently to the gravitational
effect of the gas. This in turn will affect Eq. (8) and,
in particular, the battery term. It is this effect and how
this affects the growth of magnetic field that we simulate
in this article.
We treat both the fluid pressure and density as nett
quantities, i.e.:
p = pPF + pMCG
ρ = ρPF + ρMCG,
where PF is the Plasma Fluid component, and MCG is
the modified Chaplygin Gas component, leading to an
EoS that reflects the presence of both substances. In the
context of cosmology, pMCG would represent the pressure
contribution of dark energy only, as the pressure contri-
bution of dark matter is zero. The form of the EoS may
then be given by:
p = Aρ− B
ρα
+ Cρ, (9)
which is the form that we use for our simulations. Fur-
thermore, it may also be assumed that both the PF and
3MCG together comprise 100% of the fluid under consider-
ation. Thus, their relative constituency within the fluid
may be expressed via a simple percentage relationship
(e.g. 50% (PF)/50% (MCG), 80% (PF)/20% (MCG),
and so forth).
SIMULATION RESULTS AND DISCUSSION
All simulations were done on a 323 periodic box of
length L = 2pi, using the Pencil Code[42], which is
a high-order finite difference code used for performing
numerical simulations of charged fluids, as well as other
MHD phenomena [43].
Simulations conducted considered three cases of a fluid
consisting of both PF and MCG components in the
percentage makeup of: 90% (PF)/10% (MCG), 50%
(PF)/50% (MCG), and 10% (PF)/90% (MCG). These
results were compared to the case with a fluid consisting
solely of the PF, as well as a fluid consiting solely of the
MCG with A = 0.085, B = 1 and α = 1.724. In these
simlations, the magnetic field was allowed to grow from
zero initial conditions, which was facilitated by the pres-
ence of a numerical forcing term present in the Navier-
Stokes equations; the magnetic ionization factor, χ, was
also set to zero, representing a fully-ionized plasma.
As the Pencil Code simulates quantities that are
unit-agnostic, the results may be interpreted appropri-
ately depending on the physical context. In particular,
should they be interpreted within a cosmological context,
one would have to take into account that the magnetic
flux strength, B, could in fact refer to a rescaled version
of the actual magnetic flux strength (e.g. B˜ = B/a2,
where a is the scale factor from the Friedmann Equation)
that also takes into account the effects of the expanding
universe. In order to obtain the evolution of the true
magnetic flux strength, then, the value of the scale fac-
tor at the era in which the result is to be interpreted in
must be known before any other physics can be discussed.
In order to quantify the growth of the magnetic fields,
we chose to follow the temporal evolution of the rms
strength of the magnetic flux density, Brms (hereafter,
simply referred to as the magnetic field strength); these
results are displayed in figure 1.
Examining the growth of the magnetic field strength at
early times (see figure 2), it is evident that the field im-
mediately enters an exponential growth phase and grows
up to a local maximum value, after which it then gradu-
ally drops off exponentially in strength once more. After
a finite time, the field then enters a second major ex-
ponential growth phase, this time increasing in strength
by many orders of magnitude, reaching a global maxi-
mum value, after which it again drops exponentially in
strength, eventually settling on a roughly constant value.
Long runs conducted specifically for observing of late-
time behaviour suggest that this second settled phase of
Mixture tmax Brms
PF 71.9627 1.914744× 10−6
90% (PF)/10% (MCG) 80.7623 0.001219757
50% (PF)/50% (MCG) 74.6370 0.004417391
10% (PF)/90% (MCG) 73.3676 0.002724538
MCG 73.1455 0.002128081
TABLE I. Global maximum values of Brms and the approxi-
mate times at which they occured.
the field strength is permanent, though confirmation of
this may only be obtained by examining the magnetic
energy spectra in detail.
As shown in figure 1, we may conclude that a
mixture consisting of 50% (PF)/50% (MCG) produces
the strongest magnetic fields, with the other MCG-
containing mixtures being close contenders; an PF-only
plasma apparently produces the weakest magnetic fields.
In table I, we present the present the global maxima
of the fields generated by each mixture, along with the
approximate times that these occured at. It is once more
clear that the above-mentioned 50%/50% mixture pro-
duces the strongest magnetic fields. Examining this table
together with figure 1, however, reveals a rather interest-
ing phenomenon: though all of the mixtures reached their
global maxima around roughly the same time (around
t ∼ 71−73), only the 90% PF mixture appears as a stark
outlier, reaching its global maximum around t ∼ 80!
It is also clear that each of these fields experience ma-
jor growth levels during the simulations; examining the
data for the 10% (PF)/90% (MCG) mixture suggests
that the field strength grows by ∼ 106% during the pri-
mary exponential growth phase, and then grows by an-
other ∼ 1018% when the secondary exponential growth
phase is complete. Similar growth levels were observed
for field strengths arising from the other mixtures.
For the remaining discussions, we shall only consider
the behaviour of the magnetic fields produced from the
50% (PF)/50% (MCG) mixture. As can be seen in figure
1, and may be inferred from the following figures, the
behaviour of the fields arising from the other mixtures is
qualitatively identical.
Along with the temporal evolution of the magnetic
field strength, we also tracked the evolution of the spec-
tral magnetic energy across the 32 wavenumbers present
within the system, which correspond to the number of
mesh points used. This was done in order to assess the
flow of spectral energy across the large and small scales,
which are represented by smaller and larger values of the
wavenumbers, k, respectively.
Examining figure 3, which corresponds to the early ini-
tal growth phase of the field strength shown in figure
2, we note a sharp increase in magnetic spectral energy
at wavenumber k = 4, with energy appearing to move
rapidly down to the smaller scales. During the initial
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FIG. 1. Full-time evolution of Brms for each of the plasmas simulated. A rapid exponential growth of the field strength to a
global maximum is evident in all cases. At later times, the field strength drops slightly and settles down to a relatively constant
value. Note that the PF-only plasma produces the weakest fields, whilst the 50% (PF)/50% (MCG)-mix produces the strongest
fields.
decline of the field strength (figure 4), after reaching the
first maximum value, the peak observed at k = 4 ap-
pears to subside, whilst the energy at the other scales
still appears to be growing very slowly. This behaviour
continues until the begnning of the second major expo-
nential growth phase of the field, which is marked clearly
by a sharp peak at wavenumber k = 24. The entirety of
the second growth phase is then dominated by the sharp
peak at k = 24, which appears to shrink rapidy as time
passes and energy is distributed back to the larger scales,
also creating several other peaks in the process. Eventu-
ally, the spectrum appears to begin settling at all scales,
except at k = 1 which is still growing slowly, correspond-
ing to the late-time settling of the field strength observed
in figure 1.
From this, it is evident that magnetic spectral energy
is being transferred across the large and small scales by
some mechanism. Consistent and rapid growth of the
spectra during the magnetic field’s exponential growth
phases suggest that these phases themselves could pos-
sibly be attributed to the operation of a kinematic dy-
namo which eventually becomes saturated after the field
reaches its maximum strength.
CONCLUSION
This paper investigated magnetogenesis in a two-fluid
toy model involving the Ideal and Chaplygin gases. Sim-
ulations performed looked at the growth of the magnetic
field arising from a plasma consisting of varying percent-
age contributions of both of the aforementioned gases; in
particular, mixtures consisting of 10% (PF)/90% (MCG),
50% (PF)/50% (MCG) and 90% (PF)/10% (MCG) were
used. These were also compared to magnetic fields grown
in simulations run on plasmas consisting only of the
Plasma Fluid and Chaplygin Gas respectively. It was
found that the 50% (PF)/50% (MCG) mixture gave rise
to the strongest magnetic fields, whilst the case of a 100%
PF plasma gave rise to the weakest fields. All of the fields
simulated displayed qualitatively identical features dur-
ing their evolution, namely exponential growth followed
by exponential decay to a local minimum at very early
times, and then immediate exponential growth to a global
maximum once this local minimum was reached. Beyond
this, slight exponential decay was once more observed, as
the field eventually settled down to an apparently con-
stant strength for the remainder of the run. An inves-
tigation of the magnetic energy spectra suggested that
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FIG. 2. Early-time evolution of Brms for each of the plasmas simulated. Here a rapid initial upshoot and then gradual
exponential decrease in strength is observed in all cases.
magnetic spectral energy was being transferred across
the large and small scales as the field grew in strength,
suggesting that a kinematic dynamo may be operating
in the phases of the field’s exponential growth; this dy-
namo was then seen to saturate, which could explain the
second minor exponential decay and settling of the field
strength.
We note that before any further physics can be dis-
cussed, the exact contributions of each of the terms in
the Induction and (especially) the Navier-Stokes equa-
tions to the growth of the magnetic field strength must
be quantified. This calls for further simulations to be
conducted so that the model may be refined.
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Appendix: The Pencil Code
The Pencil Code is a high-order finite difference
code used for performing numerical simlations of charged
fluids and other magnetohydrodynamic phenomena. It
solves the standard equations of compressible MHD for
the density as stated above, now given by:
D ln ρ
Dt
= −∇ · v (A.10)
Dv
Dt
= −c2sγ∇
(
s
cp
+ ln ρ
)
−∇Φgrav + J×B
ρ
+ ν
[
∇2v + 1
3
∇ (∇ · v) + 2S · ∇ ln ρ
]
+ ζ∇(∇ · v) (A.11)
∂A
∂t
= v ×B− ηµ0J+ 1
1 + χ
∇p
ρ
(A.12)
%T
Ds
Dt
= H− C +∇ · (K∇T ) + νµ0J2 + 2ρνS⊗ S + ζρ(∇ · v)2. (A.13)
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FIG. 3. Early-time growth of the magnetic energy spectra for the 50% (PF)/50% (MCG) plasma. Note the sharp peak at the
wavenumber k = 4. All other plasmas simulated display identical qualitative behaviour.
Note once more that all fields and scalar functions are
functions of space and time, (x, t). Here, Φgrav, a grav-
itational potential, ν, the kinematic viscosity, ζ, a so-
called shock viscosity, η, the magnetic diffusion, µ0, the
magnetic permeability, χ, the degree of ionization, T ,
the temperature, H and C explicit heating and cooling
terms, and K, the radiative thermal conductivity. S is
the traceless rate-of-strain tensor, given as:
Sij =
1
2
(
∂ui
∂xj
+
∂uj
∂xi
− 2
3
δij∇ · v
)
(A.14)
in Cartesian co-ordinates, and c2s is the squared sound-
speed, given by:
c2s = γ
p
ρ
= c2s0 exp
[
sγ
cp
+ (γ − 1) ln ρ
ρ0
]
, (A.15)
where cs0 is a reference value of the speed of sound,
taken at some reference height; all other symbols retain
their prior meanings. We have also made the identifica-
tion that ∇×A = B, the magnetic flux density[44], and
that ∇×B/µ0 = J, the current density.
As we are studying the generation of magnetic fields
from zero initial conditions, we must also couple to the
Induction Equations a battery term in order to allow any
fields to grow. For the purposes of this work, we use
the Biermann Battery to generate the magnetic fields,
inserting the relevant term into the Induction Equations
above.
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